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Motivation v-E-£ (Gauss' Law) 4 Conclusions
(Tradltlonal) Syl:nbOhC V-H=0 (Gauss'Law for Magnetism) We have extended the GLU family of layers and proposed their use in Transformer. In a transfer-learning
4 representation VxE= —,ua—H (Faraday's Law) setup, the new variants seem to produce better perplexities for the de-noising objective used in pre-training,
&6E as well as better results on many downstream language-understanding tasks. These architectures are simple
VxH=J+&— (Ampere's Law) to implement, and have no apparent computational drawbacks. We offer no explanation as to why these

architectures seem to work; we attribute their success, as all else, to divine benevolence.
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4 Shall we just acknowledge neural representations as “divine benevolence”?
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Stage I: Lazy Learning (Overfitting) S e Zero-init of V (a = 0)? |
O , P o.o20 4-layer MLP with MSE Loss
) g /_,:" "\‘\ | ' oot _ 2—Iayer MLP with MSE Loss (Huge gap between zero-init and regular init)
. ~ e e o . Zo004{ S . o N ———
target Y (Proposition 1) Assume F'is fixed, V initialized with E oot (zero-init vs regular init . L a a7
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Stage II: Independent Feature Learning When does Grokking happen?

Local maxima of &

Learning rate. Grokking can occur without regularization if a large initial learning rate is used [1]. In Li>’s view, this

Existence Of energy functlon % are the emergent features leads to increased G YYTF at the initial stage = hidden nodes receives sufficient feature learning signal.

GF Carr%es Loss function. Using stable softmax (linear form) instead of softmax (exponential form) delays overfitting and

info of . . maintains a nonzero G useful for feature learning [2].
I Each nodes learn W] — Xleag(O-/(XWJ))gJ . 1 ST ) d 8 (2]
: & =T independently & =T W] — VW % %(W) — 5 ” Y G(XW) ”2 Stay longer before overfitting. Grokking without regularization has also been observed with vanilla SGD [3]. In Li>’s
= GF xYY' F ﬁ g X YY O'(XW ) view, slower convergence to V.. gives the hidden layer more time to accumulate G before it vanishes.
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7y Weight initialization scale . Small initialization promotes grokking regardless of weight decay [4]. In Li,’s view,

Properties of local maxima of &

Gr(t) = O(a) + tYYTF + O(at) + O(t%). With small , the clean term tY YT F dominates, enabling grokking. With

large a, O(a) dominates, the training needs to wait for weight decay 7 to expose the signal YY'F later.

INDEPENDENT NEURON OPTIMIZATION

Group Arithmetic Tasks: Given hl’ h2 € H, predict hlhz- Here H is a group with size |H| - M. NO INTERACTIONS AMONG NEURONS Output scaling factor:BLScaIing with > 1 accelerates grokking [3,5]. In Li>’s view,~th~is amplifies the initial gradient
Gp(t) = O(a) + tIBYY'F + O(ap?)] + O(t?). So large f > 1 makes the term t3Y YT F dominate earlier and the
2 o - oy s . . . o ege
. 1 _ 5 M 1 . StrlCt IOcaI maxima for transition occurs faster. f cannot be too large since it will destroy initial Gy and make G(400) much smaller.
Analytic form of energy &(wW) = — E (R, S)s = — E — E tr(Sy ;) > .
2 - 2 (20 dk ,’ each freq uency k Weight decay 7. Because Gp(+o0) x 7 YYTF, in Li-’s view, weight decay servers as the learning rate in the feature
r v

Fourier transform of S learning, consistent with empirical findings that grokking follows ¢ ~ 1/ scaling laws [4,6].

at frequency k W= e Wel Sy oWty Li | | | hreshold ab hich b |
. . . . A Data size n. LL1,’s sample complexity analysis proves a threshold above which memorization becomes generalization,
_— my
(Theorem 3) For Abelian group H, it suffices to use 2M — 2 hidden nodes to reconstruct ¥, R,=0 [@@Ck(h)] 0 aligned with [1,8,9,10,12]. More samples = more stable local maxima = earlier grokking, consistent with [6,8,9,10].
compared to M? hidden nodes with memorization. 20 7=l

Number of hidden nodes K. Li- requires sufficient K to capture diverse local maxima, and over-parameterization

Provable 5ca| i ng Laws: Memorization _:** General ization makes Gr(4+o0) close to YYTF, facilitate feature learning. This is consistent with experiments. However, very large K

= Gp(4+00) small + noisy initial stage Gy(?), consistent with [5] and NTK [11] that feature learning does not happen.
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Ot | | e ) Early stopping. Model may overfit after generalization [13]. LLi, shows that if data are scarce, generalization solutions
- S N eorem |
e e"&?&'\ﬂi‘ﬁgﬂ?ﬁiﬂifﬂ‘:f;’,{:Ef;iti,aéiiﬁi‘ﬁe' A have lower energy than memorization ones. If trained long enough, weights will move to solutions with larger &.
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/\0( ) > /Fg;:\;;;:f S M2 ~ M ’ Muon optimizers. Li, shows that Muon can lead to more diverse weights in the stage of interaction feature learning.
then the local maxima stay.
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Stage Ill (Interactive Feature Learning) Future Works
Feature Repulsion (Theorem 6) Top-Down Modulation (Theorem 7)
- T — , 4 Perform analysis of the gradient dynamics
target Y Repulsion of similar features. Focusing on missing features. e
I V) Analyze sample complexity and allow missing data
V updated . .
- &4 Analyze grokking behaviors and hyperparameters related
I
1 [ e = . . .
F updated | | G carries ) Based on quadratic activations but can go beyond
tinfoof ¥ — Y
! >’ Based on 2-layer networks, have a sketch on multilayers
Learned W

A

? Modern Architectures (Attention, etc.)

* Repulsion (Thm. 6): Off-diagonal terms in the gradient dynamics push nodes with similar activations apart.
» Top-down Modulation (Thm. 7): Once a subset of irreps S is learned, GF changes to create a modified energy function Es with local maxima only on the missing irreps.
A NotebookL

[Tecmcaucapnom f ‘ s } ? Generalized to tasks beyond group arithmetics
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